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PREFACE.

THE object of the study of Mathematics is two fold—the acqui-
sition of useful knowledge, and the cultivation and discipline of
the mental powers. A parent often inquires, *“ Why should my
son study Mathematics? I do not expect him to be a surveyor, an
engineer, or an astronomer,” Yet, the parent is very desirous
that his son should be able to reason correctly, and to exercise,
in all his relations in life, the energies of a cultivated and disci-
plined mind. This is, indeed, of more value than the mere attain-
ment of any branch of knowledge.

The science ., Algebra, properly taught, stands among the first
of those studies essential to both the great objects of education.
In a course of instruction properly arranged, it naturally follows
Arithmetic, and should be taught immediately after it.

In the following work, the object has been to furnish an ele-
mentary treatise, commencing with the first principles, and leading
the pupil, by gradual and easy steps, to a knowledge of the ele-
ments of the science. The design has been, to present these in a
brief, clear, and scientific manner, so that the pupil should not be
taught merely to perform a certain routine of exercises mechanic-
ally, but to understand the why and the wherefore of every step.
For this purpose, every rule is demonstrated, and every principle
analyzed, in order that the mind of the pupil may be disciplined
and strengthened so as to prepare him, either for pursuing the
study of Mathematics intelligently, or more successfully attending
to any pursuit in life.

Some teachers may object, that this work is too simple, and too
easily understood. A leading object has been, to make the pupil
feel, that he is not operating on unmeaning symbcls, by means of
arbitrary rules; that Algebra is both a rational and a practical
subject, and that he can rely upon his reasoning, and the results
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1v PREFACE.

of his operations, with the same confidence as in arithmetic. For
this purpose, he is furnished, at almost every step, with the means
of testing the accuracy of the principles on which the rules are
founded, and of the results which they produce.

Throughout the work, the aim has been to combine the clear
explanatory methods of the French mathematicians with the prac-
tical exercises of the English and German, so that the pupil should
acquire both a practical and theoretical knowledge of the subject.

While every page is the result of the author's own reflection,
and the experience of rnany years in the school-room, it is also
proper to state, that a large number of the best treatises on the
same subject, both English and French, have been carefully con-
sulted, so that the present work might embrace the modern and
most approved methods of treating the various subjects presented.

With these remarks, the work is submitted to the judgment of
fellow laborers in the field of education.
Woonpwarp CoLLEGE, August, 1848.

In this New EvecrroryPE EbirTioN, the whole volume has
been subjected to a careful and thorough revision. The oral
problems, at the beginning, have been omitted; the number of
examples reduced, where they were thought to be needlessly
multiplied; the rules and demonstrations abridged; other methods
of proof, in a few instances, substituted; and questions for GEx-
ERAL REVIEW introduced at intervals, and at the conclusion. It
is confidently belicved that these modifications, while they do not
impair the integrity or change the essential features of the book,
will materially enbhance its value, and secure the approbation
of all intelligent teachers.

March, 1866.

To TeAcHERS.—The following; subjects may be omitted by the younger pupils, and
passed over by those more advanced, until the book is reviewed: Observations on
Addition and Subtraction, Articles 60—64 ; the greater part of Chapter I1.; supple-
ment to Simple Equations, Articles 164—177 ; properties of the Roots of an Equa-
tion of the Second Degree, Articles 215—217.

The pupil should be exercised in the solution of examples, until the principles
are thoroughly understood ; and, in the review, he should be required to demon-
strate the rules on the blackboard.
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ELEMENTS OF ALGEBRA.

I.DEFINITIONS.

NoreE 10 TEACHERS.—Articles 1 to 15 may be omitted until the
pupil reviews the book.

Artiele §. In Algebra, quantities are represented by
letters of the alphabet.

2. Quantity is any thing that is ecapable of increase or
decrease ; as, numbers, lines, space, time, etc.

3. Quantity is called magnitude, when considered in an
undivided form; as, a quantity of water.

4. Quantity is called multitude, when made up of in-
dividual and distinct parts; as, three cents, a quantity
composed of three single cents.

3. One of the single parts of which a quantity of multi-
tude is composed, is called the unit of measure; thus, 1 cent
is the unit of measure of the quantity 3 cents.

The value or measure of any quantity is the number of
times it contains its unit of measure.

6. In quantities of magnitude, where there is no nat-
ural unit, it is necessary to fix upon an artificial unit as
a standard of measure; then, to find the value of the
quantity, we ascertain how many times it contains its unit
of measure. Thus,

To measure the length of a line, take a certain assumed

Review.—1. How are quantities represented in Algebra? 2. What
is quantity ? ‘3. When called magnitude?

4. When multitude? 5. What is the unit of measure? 6. How
find the value of ‘a quantity when there is no natural unit?

7



8 EAY'S ALGEBRA, FIRST BOOK.

distance called a foot, and, applying it a certain number
of times, say 9, it is found that the line is 5 feet long; in
this case, 1 foot is the unit of measure.

'¢. The Numerical Value of a quantity is the num-
ber that shows how many times it contains its unit of
measure.

Thus, the numerical value of a line 5 feet long, is 5.
The same quantity may have different numerical values,
according to the unit of measure assumed.

8. A Unit is a single thing of an order or kind.

9. Number is an expression denoting a unit, or a collec-
tion of units. Numbers are either abstract or concrete.

10. An Abstract Number denotes how many times a
unit ¢s fo be taken.

A Concrete Number denotes the units that are taken.

Thus, 4 is an abstract number, denoting merely the num-
ber of units taken; while 4 feet i3 a conerete number, denot-
ing what unit is taken, as well as the number taken.

Or, a concrete number is the product of the unit of measure
by the corresponding abstract number. Thus, $6 equal $1
multiplied by 6, or $1 taken 6 times.

11. In algebraic eomputations, letters are considered
the representatives of numbers.

12. There are two kinds of questions in Algebra, the-
orems and problems. '

13. In a Theorem, it is required to demonstrate some
relation or property of numbers, or abstract quantities.

14. In a Problem, it is required to find the value of
some unknown quantity, by means of certain given rela-
tions existing between it and others, which are known.

REviEw.—7. Define numerical value. 8. What is a unit? 9. A
number? 10. What does an abstract number denote? A concrete
number? 11. What do the letters used in Algebra represent?
12. How many kinds of questions in Algebra? 13. What is a the-
orem? 14. A problem?



DEFINITIONS AND NOTATION. 9

15. Algebra is a general method of solving problems
and demonstrating theorems, by means of figures, letéers,
and signs. The letters and signs are called symbols.

EXPLANATION OF SIGNS AND TERMS.

16. Known Quantities are those whose values are
given; Unknown Quantities, those whose values arc to be
determined.

1'7. Known quantities are generally reprcsented by the
first letters of the alphabet, as a, b, ¢, ete.; unknown quan-
tities, by the last letters, as z, v, 2.

I8. The principal signs used in Algebra are
) 4, - X, ( )7 ~>, ]//'
Each sign is the representative of certain words. They
are used to express the various operations in the clearest
and briefest manner.

19. The Sign of Equality, —, is read equal to. It de-
notes that the quantities between which it is placed are
equal. Thus, a=3, denotes that the quantity represented
by a is equal to 3.

20. The Sign of Addition, -}, is read plus. It denotes
that the quantity to which it is prefixed is to be added.

Thus, a0, denotes that b is to be added to a. If
a=2 and b=3, then a-1-b=2-}3, which ==5.

21. The Sign of Subtraction, —, is read minus. It de-
notes that the quantity to which it is prefixed is to be
subtracted.

Thus, a—Db, denotes that b is to be subtracted from a.
If a=5 and b=3, then 5—3=2.

ReviEw,—15. What is Algebra? What are symbols? 16. What
are known quantities? Unknown quantities? 17. By what are
known quantities represented? Unknown quantities?

18. Write the principal signs used in Algebra. What does each
represent? For what used?

19. How is the sign = read? What does it denote? 20. How is
tae sign |- read? What denote? 21. How is the sign — read?
What denote?
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22. The signs | and — are called the signs. The
former is called the positive, the latter the negative sign:
they are said to be contrary or opposite.

23. Every quantity is supposed to be preceded by one
of these signs. Quantities having the positive sign are
called positive, those having the negative sign, negative.

When a quantity has no sign prefixed, it is positive.

24. Quantities having the same sign are said to have
like signs; those having different signs, unlike signs.

Thus, +a and 40, or —a and —0, have like signs;
while 4-¢ and —d have unlike signs.

25. The Sign of Multiplication, X<, is read into, or mul-
tiplied by. It denotes that the quantities between which
it 1s placed arc to be multiplied together.

The product of two or more letters is sometimes ex-
pressed by a dot or point, but more frequently by writing
them in close succession without any sign. Thus, ab ex-
presses the same as a)X b or a.b, and abe=aXbXc, or a.b.c.

26. Factors arc quantities that are to be multiplied
together.

The continued product of several factors means the prod-
uct of the first and second multiplied by the third, this
product by the fourth, and so on.

Thus, the continued product of a, b, and ¢, 13 aXbX ¢,
or abe. If a=2, 1=3, and ¢=), then abc=2X 88X 5=

2'%¢. The Sign of Division, -, is read divided by. It

ReEvieEw.—22. What are the signs plus and minus called, by way
of distinction? Which is positive? Which negative?

23. What are quantities preceded by the sign plus said tobe? By
the sign minus? When no sign is prefixed? 24. When do quan-
tities have like signs? When unlike signs?

25. How is the sign X read, and what does it denote? What other
methods of representing mulnphcahon" 26. What are factors?
Ilow many ina? Inab? Inabc? In Habe?

.27. How is the sign - read, and what docs it denote? What
other methods of representing division?
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denotes that the quantity preceding it is to be divided by
that following it. Division is oftener represented by plac-
ing the dividend as the numerator, and the divisor as the
denominator of a {raction.

Thus, a—+b, or %, means, that a is to be divided by b.

If a=—12 and 0=3, then a—+0=12-+8=4; or %:_1?2:_ :

Division is also represented thus, a]b, or bla, @ denoting
the dividend, and 4 the divisor.

28. The Sign of Inequality, >>, denotes that one of
the two quantities between which it is placed is greater
than the other. The opening of the sign is toward the
greater quantity.

Thus, a>>b, denotes that a is greater than b. It‘s read,
a greater than b. If a=5H, and 0=3, then 5>>3. Also,
c<d, denotes that ¢ is less than d. It is read, ¢ less than d.
If ¢=4 and d=Y, then 4<7.

29. The Sign of Infinity, o, denotes a quantity greater

than any that can be assigned, or one indefinitely great.

30. The Numeral Coefficient of a quaatity is a num-
ber prefixed to it, showing how many times the quantity
15 taken.

Thus, a+a+tata=4a; end az4-azx--ax=3az.

31. The Literal Coeficicnt of a quantity is a quantity
by which it is multiplied. Thus, in the quantity ay, a may
be considered the coéfficient of 7, or 7 the coéfiicient of «.

The literal coéfficient is gencrally reoarded 2s a known
quantity.

32. The coéficient of a quantity mey eonsist of a num-
ber and a literal part. Thus, in daz, Ha may be re-

RevieEw.—28. What is the sign >> called, and what does it dc-
note? Which quantity is placed at the opening?

29. What does the sign @ denote? 80. What is a numeral co-
¢fficient? How often is ax taken in 8az? In 6az2 In Taz?

31. What is a literal coéfficient? 32. When a quantity has no
colficient, what is understood?
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garded as the coéfficient of . If a=2, then 5a=10,
and Saz=—10x.
When no numeral coéfficient is prefixed to a quantity,

its coéfficient is understood to be unity. Thus, a=1q,
and bz==1bx.

33. The Power of a quantity is the product arising from
multiplying the quantity by itself one or more times.

When the quantity is taken twice as a factor, the prod-
uct is called its square, or second power ; when three times,
the cube, or third power; when four times, the jourth
_power, and so on.

Thus, aXa-=aa, is the second power of a; aXaXa=
aaa, is the third power of a; aXaXaXa=aaaa, is the
Jourth’ power of a.

An Exponent is a figure placed at the right, and a little
above a quantity, to show how many times it is taken as
a factor.

Thus, aa=c¢?; aaa=—=a?®; aaaa=a*; aabbb=—a%3,

When no exponent is expressed, it is understood to be
unity. Thus, a is the same as a!, each expressing the first
power of a.

34. To raise a quantity to any given power is to find
that power of the quantity.

35. The Root of a quantity is another quantity, some
power of which equals the given quantity. The root is
called the square root, cube root, fourth root, etc., accord-
ing to the number of times it is taken as a factor to pro-
duce the given quantity.

Thus, a is the second or square root of a2, since a X a=a?.
So, z is the third or cube root of 23, since z Xz X z=z3.

36. To extract any root of a quantity is to find that root.

REviEW.—33. What is the power of a quantity? What is the
second power of «# The third power of a ?

33. What is an exponent? For what used? How many times
is z taken as a factor in z2? In23? Inz3? Where no exponent
is written, what is understood ?  35. What is the root of a quantity ?
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37. The Radical Sign, 1/, placed before a quantity, in-
dicates that its root is to be extracted.

Thus, a, or 1/a, denotes the square root of a; ¥a, de-
notes the cube root of a; 1% 'a, denotes the fourth root of a.

38. The number placed over the radical sign is called
the index of the root. Thus, 2 is the index of the square
root, 3 of the cube root, 4 of the fourth root, and so on.
When the radical has no index over it, 2 is understood.

39. Every quantity or combination of quantities ex-
pressed by means of symbols, is called an algebraic ex-
Pression.

Thus, 8a is the algebraic expression for 3 times the
quantity a; 8a—4b, for 3 times a, diminished by 4 times b;
2a2-+3ab, for twice the square of a, increased by 3 times’
the product of a and b.

40. A Monomial, or Term, is an algebraic expression,
not united to any other by the sign 4+ or —.

A monomial is sometimes called a stmple quantity. Thus,
a, 3a, —a®h, 2any?, are monomials, or simple quantities.

41. A Polynomial is an algebraic expression, composed
of two or more terms.
Thus, ¢+2d—>b 1s a polynomial.

42. A Binomial is a polynomial composed of two terms.
Thus, a4-b, a—b, and >—d, are binomials.

A Residual Quantity is a binomial, in which the second
term is negative, as a—b.

43. A Trinomial is a polynomial cousisting of three
terms. Thus, a+4-b-+¢, and a—b—c, are trinomials.

44. The Numerical Value of an algebraic expression

REvVIEW.—37. What is the sign }/ called, and what does it de-
note? 38, What is the number placed over the radical sign called?
39. What is an algebraic quantity? 40. A monomial? A simple quan-
tity? 41. A polynomial? 42. A binomial? A residual quantity.?

43. A trinomial? 44. What is the numerical value of an alge-
braic expression?

»
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is the number obtained, by giving particular values to the
letters, and then performing the operations indicated.

In the algebraic expression 2a—-8b, if a=—4, and b=15,
then 2a¢=8, and 380==15, and the numerical value is

8415=23.

45. The value of a polynomial is not affected by chang-
ing the order of the terms, provided each term retains its
respective sign. Thus, a’+42a+0=0-+a?42a. This is
self-evident.

46. Each of the lteral factors of any simple quantity
or term is called a dimension of that term. The degree of
a term depends on the number of its literal factors.

- Thus, ax consists of two literal factors, @ and z, and is
of the second degree. The quantity a?b contains three 1:t-
eral factors, a, a, and &, and is of the third degree. 2a’s?
contains 5 literal factors, a, a, a, =, and x, and is of the

JSifth degree; and so on.

4'7. A polynomial is said to be homogeneous, when cach
of its terms is of the same degree.

Thus, the polynomials 2a—38b4-¢, of the first degree,
a?-}-3bc+xy, of the second degree, and x*— 8ay?, of the
third degree, are homogeneous : a®+4? is not homogeneous.

48. A Parenthesis, ( ), is used to show that all the
included terms arc to be considered together as a single
term.

Thus, 4 (a—5) means that a—b is to be multiplied by 4;
(a+4x) (a-—x) means that a-tx is to be multiplied by
a—z; 10—(a-4-¢) means that a-c is to be subtracted
from 10; (a—Db)? means that a—& is to be raised to the
second power; and so on.

49. A Vinculum,

, 1s sometimes used instead of

REvIEW.—46. What is the dimension of a term? On what docs
the degree of a term depend? What is the degree of the term zy?
Of 2yz? Of 2axzy? Of 222 47. When is a polynomial homo-
gencous? 48, For what is a parenthesis used? 49. What is a vin-
culum, and for what used ?

k.
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a parenthesis. Thus, a—0b >« means the same as (a—70)z.
Sometimes the vinculum is placed vertically: it is then
called a bar. '

Thus, aly* has the same meaning as (e—a+4)y%

—
+4
$50. Similar or Like quantities are those composed of
the same letters, affected with the same exponents.

Thus, Tab and —8abd, also 4¢°)* and. Ta?l?, are similar
terms; but 2a?b and 2al? are not similar; for, though
composed of the same letters, these letters have different
c¢xponents.

S1. The Reciprocal of a quantity is unity divided by that
quantity. Thus, the reciprocal of 2 is 3, of a i p

The reciprocal of 2 is 1 divided by 2, or 3. Hence,
the reciprocal of a fraction is the fraction tnverted.

52. The same letter accented is often used to denote
quantities which occupy similar positions in different equa-
tions or investigations.

Thus, a, ¢, a,” @, represent four different quantities;
read a, a prime, a second, a third, and so on.

EXAMPLES.

The foll(.)wing examples are intended to exercise the
learner in the use and meaning of the signs.

Copy each example on the slate or blackboard, and then
express it in common language.

Let the numerical values be found, on the supposition

that a=4, =3, ¢=5, d=10, «=2, and y=6.

1. c+d—b. . . Ans. 12. | ay | cd

2. 4da—w. . .. Ans. 14. | 5. _Ij—_;_-;'” - - Ans
3. —3ax. . .Ans. —24. | 6. 8a>+2cxc—013 . Ans.
4. 6o’z ... Ans. 192. | 1. a(a+b).. . .. Ans.

REVIEW.—50. What are similar or like quantities? 51. The re-
ciprocal of a quantity ? 52. What the use of accented letters?



16 RAY'S ALGEBRA, FIRST BOO.

8. atbXa—b.. ... ... ... ... Ans.
9. (a+b)(a=b).. ... ... Ans.
10. >—8(a+x)(a—x)+20by. . . .. ... .. Ans.
2ax?
11. ) 4 V4 Ans,
12. 3(a+c)(a—c)+3a>—3c . . . ... .. Ans.
a*—ax?
13. P da— . o Ans.

In the following; convert the words into algebraic symbols:
Three times a, plus b, minus four times c.
Five times «, divided by three times b.
a minus b, into three times c. |
a, minus three times b into c.
a plus b, divided by three c.
a, plus b divided by three c.
a squared, minus three a into b, plus 5 times c into
d squared.
8. @ cubed minus b cubed, divided by = squared minus
b squared.

OOk o

9. Five a squared, into a plus b, into ¢ minus d, minus
three times x fourth power.
10. a squared plus b squared, divided by « plus b,
squared.
11. The square root of a, minus the square root of .
12. The squarce root of a minus =.

ANSWERS.
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ADDITION.

53. Addition, in Algebra, is the process of finding
the simplest expression for the sum of two or more alge-
braic quantities.

CASE 1.

When the Quantities are similar, and have the same Sign.

1. James has 3 pockets, each containing apples: in the
first he has 3 apples, in the second 4, and in third 5.

In order to find how many apples he has, suppose he proceeds to
find their sum in the following manner: 3 apples,

4 apples,
S apples, .
12 apples.
But, instead of writing the word apples, suppose he should use the

letter a, thus: 3a
4a
S5a
12a,

It is evident that the sum of 3 times &, 4 times ¢, and 5 times a,
is 12 times a, or 12a, whatever & may represent.

2. In the same manner the sum of —8a, —4a, | —3a
and —Ha would be —12a. Hence, —A4a
—da

—12a

TO ADD SIMILAR QUANTITIES WITH LIKE SIGNS,

Rule.—Add together the coéfficients of the several quan-
tities; to their sum prefix the common sign, and annex the
common letter or letters.

NoTeE.—When a quantity has no coéfficient, 1 is understood;
thus, a=la.

ReviEw.—53. What is algebraic addition? When quantities are
similar and have the same sign, how are they added together ?

When several quantities are to be added together, is the result
affected by the order in which they are taken ?

1st Bk. 2
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EXAMPLES.
(3) (4) (5) (6)
3a —bay 2a? —3a?h
2a —axy 3a? —4a?
a —A4xy Ha? —Ha?b
da — 3y Ta? —2a2b
Sum =11« —14zy 17a —14a%

In the third example, suppose a=2, then 3a=3X2=6, 2a=2X
2=4 a=2 5a=5X2=10; their sum is 6-}-4-}-2410=22.
But the sum, 22, is more easily found from the algebraic sum, 11,
for 11a=11 % 2==22.
In the fourth example, let =3 and y=2; then,
—62y=—6X3 X2=—36
o — TY=+— 3)(2—_—_ 6
—A4ry=—4X3X2=—24
—3ry=—3X3X2=—18

the sum of their values =84,
But this is more easily found thus: —14xy=—14%3X2=—84,

In the fifth example, let & represent three feet; then,
2a2=2au=2% 3 X 3=18 square feet,
3a?=8aa=3%3x3=27 « “
5a’=baa=56%3%x3=45 « “«
Tal=Taa=TX3X8=063 « «

and their sum is 153 « «
Or the sum =174?=17 X3 X3=153 square fect.

NorEe.—Let the learner test the following examples numerically,
by assigning values to the letters.

7. What is the sum of 85, 53, T, and 96? Ans.

8. Of 2ab, bad, Bab, and 11ab? Ans,

9. Of abe, 3abe, Tabe, and 12abc? Ans.
10. Of —by, —2by, —5by, and —8ly? Ans.
(11) (12) (13)

Say-T B8x—4y Sa—2ax

ay--8 Sx—38y da*—3azx

Zay-1-4 Te—Gy Ta*—bdaz

bay—-6 6.r—2y 4a*—dazx
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CASE 1I.
4. When Quantities are alike, but have Unlike Signs.

1. James receives from one man 6 cents, from another
9, and from a third 10. He spends 4 cents for candy
and 3 for apples: how much will he have left?

If the quantities he received be considered pcsitive, those he spent
may be considered negative; and the question is, to find the sum
of +6¢, 4+-9¢, +10¢c, —4¢ and —3c¢, which may be written thus:

+66 . . .

1-9¢ It is evident the true result will be found by

+-10c collecting the positive quantities into one sum,
and the negative quantities into another, and

—4ec
—3¢ taking their difference. It is thus found that he
s received 25¢, and spent 7¢, which left 18¢.
—+18¢

2. Suppose James should receive & cents, and spend
7 cents, what sum would he have left 2

If we denote the d¢ as positive, the 7¢ will be negative, and it is
required to find the sum of 4-5¢ and —T7c.

In its present form it is evident that the question is impossible.
But if we suppose that James had a certain sum of money before
he received the 5¢, we may inquire what effect the operation had
upon his money.

The answer obviously is, that his money was diminished 2 cents;
this would be indicated by the sum of }-5¢ and —7¢, being —2¢.

Hence, we say that the sum of a positive and negative quantity
is equal to the differecnce between the two; the object being to find
what the united effect of the two will be upon some third quantity.

This may be further illustrated by the following example:

3. A merchant has a certain capital; during the year it
is increased by 3a and 8a $’s, and diminished by 2a and
S5a $’s: how much will it be increased or diminished at
the close of the ycar?

If we call the gains positive, the losses will be negative. The sum
of +3a, +8a, —2a, and —baq, is J-1la—Ta=-}4a.

ITence, we say that the merchant’s capital will be inereased by 4a
$'s, which is the same as to incrcase it by 3a and 8a $'s, and then
diminish it by 2a and da $'s.



